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1. INTRODUCTION 
In this paper,  we are concerned with the osci l latory behavior of solutions of the l inear difference 
equat ion 
Amx(n)  + p(n)x (n  - k) = 0, (E) 
where m k 2, k k 1, n E N = {0, 1 , . . .  }, and p : N ~ (0, oc) satisfies the following condit ion: 
oo  
E p(n)(n - k) (m-l)  = oo .  (C) 
As usual ly the forward difference operator  we define as follows 
A°x(n)=x(n), Amx(n)=~(-1)(m-i)(~Z)x(n+i), 
i=0 
for m _> 1. For all r E R and s, a nonnegative integer the factorial  expression is defined 
= I IS- i@ - i) with (r) (°) = 1. By a solution of equation (E), we mean a function as (r) (s) i=0~ 
x : { -k , . . . , -1}  U N -* R such that  SUPn>_no Ix(n)l > 0 for any no E N and satisfies (E) for 
n E N.  A nontr iv ial  solution x is called oscil latory, if for every no there exists n _> no such that  
x(n)x(n + 1) <_ 0. Otherwise, it is called nonoscil latory. 
The purpose of this paper  is to s tudy oscil lations of solutions of (E). The main results are new 
and are independent  of the analogous ones known for difference quations (see, for example,  [1 7] 
and the references contained therein). Some specific comparisons to known results will be made 
in the text  of the paper.  
To obta in  our results, we need the following lemmas the first of which is a discrete analogy of 
K iguradze's  lemma [8]. 
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LEMIvIA 1. Let x be a nonoscillatory solution of (E). Then there exists no E N and an integer I E 
{0, 1 , . . . ,  m} with m + 1 odd such that for n >_ no, 
x(~z)Aix(n) > o, 
(-1)~+lz(n)A~z(n) > O, 
fo r i=0,1 , . . . ,1 -1 ,  
fo r i= l , . . . ,m-1 .  
(J~) 
LEMMA 2. (See [9].) The difference inequality 
Ay(n)  + p(n)y(n - k) < 0 [> 0], n e N, 
where {Pn } is a nonnegative sequence of real numbers and k is a positive integer, has no positive 
(negative) solutions, if 
n- -1  (k~kA-1  
l iminf E p~ > \ ~ j  " 
8=n--,~ 
2.  MAIN  RESULTS 
THEOREM 1. Consider the difference quation (E) subject to the condition 
limsup{n~oo ~=,~-k ~ ( s -n+k+m-1) (m-1)P(S)  
+ (n - k - m) + (m - 1)--------~ E (s - k)('~)p(s) 
S~nl  
X ~ (s -n+k+rn-2) (m-2)p(s )}  >(m- l ) ! .  
s=n+l  
(1) 
Then for an even m, every solution of (E) is oscillatory and for an odd m, every solution of (E) 
is either oscillatory or l im~_~ A%(n)  = 0 monotonically for i = 0, 1 , . . . ,  m - 1. 
PROOF. Assume that (E) has a nonoseil latory solution x(n) ¢ 0 for n _> no. Then, by Lemma 1, 
x satisfies (Jl) for some 1 E {0, 1, 2 , . . . ,  m-1}  and l+  m odd. From the discrete Taylor's formula, 
it follows that  x satisfies the equality 
m-1 (s -  n + j - l - 1) ( j -5  (_ l ) j _ iA Jx(s)  
j=l 
( _ l ) ,~_z_  1 ~-1 ( ~ ~ !  E(7"-- rt + 7,Z-- l-- 1)(m-l-1)/kmx(r), 
r~n 
(2)  
for s _> n and 0 < l < m - 1 (see [10]). Using Lemma 1 in (2) and next taking s --~ oc, we get 
1 
I , ,llAlxin)l >_ (m- - l - -  1)[ 
oo 
E (7" -- 77, + rrt -- l -- 1) (m- l - l )  IA~x( r ) l .  
T~n 
First consider the case when m is even, then l c {1, 3 , . . . ,m - 1}. From the last inequality 
and (E), we get 
] zx~x(~ - k) l  _> 
1 oo ,.=~k,~ (s  - 7~ + k + .~ - l - 1) ( '~-~-1) / /x '~x(s ) l  
l 1)! I I 
1 oo 
s=~-" k  ( s -n+k+m- l -1 ) ( '~- l -1 )p (s ) [x (s -k ) [ .  
l 1)! 
(3)  
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Since (E) and (Jr) we have that 
n(m-O lA'~x(n)l = n(m-Op(n)lx(n - k)I 
> n(m-Op(n)(n - k) (/-1) _) p(n)(n - k) (m-l), 
which together with (C) implies 
~ Cm-~)iA.~x(s)l = oo .  
From the equality 
(-1)J  (n - m + j)(J-OAJx(n) = (no)(J-OAJx(no + m - j - 1) 
n-1  
( -1)  m-1 s(m_i_ + (.T-T--T)! ~ 1)Amx(8) '  
8~rt 0 
for i = l -- 1 and after multiplying by (-1)Z+lsignx(n), we get 
m-1 (_ l ) j+ l+ 1 
E Cf--1-+TT) ! (n - m + j)(J-l+l)AJx(n)signx(n) 
j=l--1 
~-~ (_l) j+z+l 
~ - - ~ !  (no)(J- l+l) /XJx(?ZO ~- ~3~ - j -- 1)signx(n) 
j==l--1 
(_1),~+1 ~-1 
Jr -~--~)~. E s(m-l) Amx(s)signx(n)" 
8~rl, 0 
Now by Lemma 1 an(] (E), we obtain 
IA'-~x(~)l- Z U--77v)., 
j=l 
n-1  
1 
__ m--lE (j(n°)(J-l-]-l)__ I H 1)! IAJx(no -t-rl~ - - j  -- 1)1 + (m ---l)! E s(m-O ]Amx(s)l 
j=l s=no 
for n > no. From (4), it follows that there exists nl > no such that 
hi--1 
1 
(~ - l)! Z ¢'~-')IAm~(~)l >- - I A~-l~(~° + "~ - l)[ 
8~no 
m-1 n(0J- l+l) 
+ ~ (]7~Ti)~ I~Jx(,~o +~- j  - 1) I , 
j=l 
for all l E {1,3,. .  , m-  1}. Therefore, from (6), we have for n > nl, 
1 m-~ (~_~+/) ( j _~÷~)  I/V~(~)I + _ _  
-> Z ~- ;TV  (~-l)~ j=l 
n~l  
s (m-~)  IA~x(s ) l  
8 ~'r}, 1 
It is clear that from '7) we obtain 
IA~-lx(n)l >_ (n -  m + l)[Alx(n)] .  
(4) 
(5) 
(~) 
(7) 
(8) 
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We observe that  (7) and (4) imply the following inequal ity (see [4]): 
Ix0~)l > (n - m + 1 - 1) (/-1) 
- l! 
From (3), (9), (8), and (&), we get 
1 oo 
k)] > (.~ -~-  1)! 2_, 
s=r~,-k 
(s - n + k + m - 1 - 1) (m- l -1)p(s)  
(s  - k - .~  + t - 1 ) (~-~)  , A~- I~ _ >t  
}[ 
1 > 
- l ! (m - 1 - 1)! 
oo 
+ Z (,-~ 
s=n+l 
1 > 
- l ! (m- l -1 ) !  
[ ~'~ (S -- ?z + ]~ + ?It -- 2 ) (m-2)p(s ) IA I - lX (S  --/¢)] 
8~n--k 
+ k + m -- 2) (m-2)p(8)A l - ix (s  -- k)l 
A 
[ ~(s -n+k+m-2) (m-2)p(s )s=n-k  
× (s - k - . ,  + l ) I~ ' . (n  - k) I 
+ ]At-ix(n-k)[ s=n+, ~ (s-n+k+~-2)(m-2)v(s)] ' 
for ~ >_ 2(k + .~ - 1). F rom (7), (m), (9), (8), and  (a~), we have  
IZx ' - l x (n  - k)  I _> (~ - k - ~ + l ) IZX 'x (~ - k)  I 
n-k-1  1 
+ ( -~ - 0----~ ~ Cm- ' )v (s ) Ix (s  - k) l  
S~nl 
>_ IZx'x(~ - k)J [(n - k - .~ + l) 
n-k-1  1 
+ l!(~ -O! ~ 
for n _> no. Using (11) in (10), we get 
liX'x(n- k)l 
la'~(~- k)l _> 7g-- T~ 
s("~-l)(s - k - m +/)(Z)p(s)] , 
{ =n~ - ( s - -n+Ig+m--  1)(m-1)p(s) 
s k 
(9) 
(io) 
(11) 
n-k-1  
1 
+ (n - k - m) + (m - 1)~ E (s - k ) (m)p(s )  
8=Tt, 1
× ~ (8 -- n + k -+- m -- 2)(m-2)p(8) 
s=n+l 
which contradicts  (1). Therefore, every solution of (E) is osci l latory for m even. 
Consider the case when m is odd. Then x satisfies (Jz) for some l C {0, 2 , . . . ,  m - 1}. The 
case I E {2 , . . . ,  m- l}  is impossible (analogously as above). We shall prove that  limn--+o~ x(n)  = 0 
when l = 0. Suppose to the contrary  that  limn--+oo Ix(n)] = c > 0. Then  ]x(n - k)t >_ c 
for n _> nl  _> no. From (2), with l = 0, 
m-1 (n - s)(J) 1 n -m 
x(n) = E 3" i AJx(s)  + (m 1)---------7 E (n -- r -- 1)(m-1)Amx(r)  
j=0 r=s 
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and (Jo) it follows that 
Thus, by (E), 
oe> 
S=~l 
0<3 O0 4X3 
E S(n'z--1)I~km'T"(S)l : Z S(m--1)p(s) Ix(s -- ]~)1 ~ C Z S(rn--1)p(s)' 
S~7tl 8~7ll S=Tb l 
which is impossible by (C). The obtained contradiction proves that lim,,~oo z(n) = 0. Therefore, 
lim,~>~oo A%(n) = 0 monotonically for i = 0, 1 , . . . ,  'm - 1 and the proof is complete. 
REMAaK 1. Condition of nature similar to that in (1) have been obtained by Wyrwiflska [4], 
which has form 
l imsup{ ~ , ~ o ~  ~=, -h , (s -k -m)( '~- l )P (S )  
(*) 
+ (n -k -m)  Z ( s -k - 'm) ( '~-e)p(s )  > (m- l ) ! .  
s=r~+l 
We note that in many cases condition (1) is better than above. For example, consider the following 
equation: 
1 
- -  : r ( , . -  1) = o. (L~) 
n(~ + 1) 
A2z('l~) + 
We see that (*) is not satisfied, since 
{5 ' l imsup (s - 3) s(s + 1---~ 
r~--~oo s=r~-- 1 
+ (n - 3) 
1} 
s(s + 1) =1.  
.s = n, + 1 
On the other hand, condition (1) of Theorem 1 holds because 
n --~,oo k s=n-1 
1 
s(s + 1) 
I n--2 
+ (n -3)+ ~__ (s - l )  ( 2 ) -  
1} 
s (s+l )  Z s(s + l) =2 
s=n+l  
and all solutions of (L1) are oscillatory. 
THEOREI~I 2. Consider tile difference equation (E) subject to the condition 
n-1  
lim inf E 
S='rZ-- ]~ 
( k x k-bl 
( s  - k - 1 ) ( "~-~lp(s )  > \T - ; -T /  (,,~ - 1)!. (12) 
Then for an even ~,  every solution of (E) is oscillatory and for an odd 'm, every so]ution of (F,) 
is either osci]latory or limn-~oc A~x(n) = 0 monotonically for i = O, 1 , . . . ,  m - 1. 
PROOF. Assume that (E) has a nonoscillatory solution x(n) ~ 0 for n >_ 'no. Then by Lemma 1, 
x satisfies (J~) for some l E {0, 1 , . . . ,m - 1} and l + m odd. First consider the case when m is 
even then 1 E {1, 3 , . . . ,  m-  1}. Since (12) we see that condition (C) is satisfied, which gives (4), 
and therefore, x satislies the inequalities (7) and (9). Using (5) with i = l and (7), we obtain 
for 'it > 'ttl > TtO, 
'n -m+l  ~ s(.~ 1-1) [AZ-lx(~z)l-> -(~---l)! ~ IA'*:r(s)l 
,S=7~ 
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Now from the last inequality, (E) and (9) we get 
iA t_ i :~: ( ,~  _ k )  I > ~ - k - m +/ ,  
?~ --.]~ -- ?N, @ l ~ S( .... l--1)P(s) I~(s - k)l 
(m - 1) ! 
s~7),-- k 
n - k - m + l oo 
/!(7~, --l)! E S(m- l -1 ) I ) (8 )  
(s - k -m +1-  1 ) ( ' - ' ) [A ' - l z ( s  - k ) l .  
(13) 
Define 
which gives 
? l , (n)  ~ s (m- t - ' ) ( s  - k - m +1 - 1) ( l -1 )p (s ) IA l - ] z (s -  k)l > 0, 
- - /~y l (? t )  = 7t (m- l - l ) ( ? t  --  ]C -- ?H,--  1 --  1)(/--1)p(?/)ILV-lz(rt - ~)1"  
From (13) and the above equality, we derive 
A?I I ( ,~)  = n,("'~-'-')(,~, - h" - m + l - 1 ) ( l - ' )p ( r t )  IA l - 'ac ( , z  -- k)] 
'n, - k - m + l 
> ?Z(rn-l-1)(~ -- ~: -  rn,-FI -- 1)(/-1)p(ft)Yl(~ -- k) 
- l ! (m-  1)! 
1 > - -  (n -- ~: -- 1)(m-1)p(,~) YI('~ -- k). 
- ( 'm - 1 ) !  
The inequality 
1 
Ayl( 'n ) + (n - k - 1)(n~-l)p(,~) Yl('~ - k) _< 0, 
( ' ,n - 1)! 
by (12) and Lemma 2 has no eventually positive solutions. This contradicts the fact that yl(n)  
is positive and the proof of this part of Theorem 2 is complete. In the case when m is odd, the 
proof is similar as the proof of Theorem 1. 
lq,EMARK 2. A similar condition as in Theorem 2 can be found in the paper [3]. One can observe 
that in any case, the oscillation condition (12) is better. For example, consider the following 
difference quation: " 
A2~:(,t) + p(,~)z(,~ - ~:) = 0, (L~) 
where k _> 1 and p : N + R+. Then from [3, Theorem 1], it follows that  every solution of (L2) 
is oscillatory if 
l{p%inf E (s k)p(a) > 2 = 3 I , ,  
while condition (12) for equation (L2) has the following form: 
*z--1 (~1 / k-F1 
l iminf E ( s -k -1 )p(s )  > =A,f2. ~ ~ PxD 
VVe remark that ~J1 ~ A'J2, 
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